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1 Introduction




Theorem A( ) $n,$ $l,$ $k\in \mathrm{N}$
(1) $\frac{1}{n!}\sum_{\sigma\in s_{n}}\mathrm{P}\mathrm{e}\mathrm{r}l(n,\sigma)^{k}=\sum_{0\leq l\mathrm{j}\leq n}l^{k-j}$







$\psi_{k}^{(n,l)}$ $S_{n}$ . \S 2 , $\mathrm{P}\mathrm{e}\mathrm{r}_{n,l}^{k}$ $\psi_{k}^{(n,l)}$
1 , $\psi_{k}^{(n,l)}$
. \S 3 , $\pi_{l}$ : $\mathrm{z}(\hat{s}_{n})arrow \mathrm{Z}(\hat{S}_{n-^{\iota)}}$
, $\psi_{k}^{(n,l)}$ $\pi_{l}$ recurrence relation . $\pi_{l}$
, \S 4 $\pi_{l}$ $\pi_{l}^{*}$ .
$\pi_{l}$ recurrence relation .
, $\eta$ Young ( )
$\lambda,$
$\mu$ $R_{\lambda\mu}^{\eta}$ . ,
Kostka ( Kostka – ) :
$R_{\lambda(n-}^{(1^{k})}=K\lambda(n-k,1kk))$
, .
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Theorem $\mathrm{B}$ ( ) $n,$ $l,$ $k\in \mathrm{N}$ $|\lambda|=n$
(2) $\frac{1}{n!}\sum_{\sigma\in S_{n}}\mathrm{p}\mathrm{e}\mathrm{r}n,\iota(\sigma)k\lambda\chi(\sigma)=0\leq\iota_{j}\leq\sum_{n}\iota^{k-j}R_{\lambda(}^{(\rangle}n\iota^{k}-\iota k)$.
.
2
, . $\sigma\in S_{n}$ $x\in[n]$ , $\sigma^{l}(x)=x$
$l$






, $S_{n}$ cycle type . $\vee\supset$
, $S_{n}$ 2 , cycle type ,
. , cycle type $1^{\nu_{1}}\ldots l\nu_{l}\ldots n\nu_{n}$ ,
.
$\Omega(n)$ $S_{n}$ , $\Omega_{l}(n)$ , $S_{n}$ , cycle
$l$-cycle 1 . ,
$\Omega(n)$ $:=$ { $1^{\nu_{1}}\ldots\iota^{\nu}\ldots {}^{\mathrm{t}}n^{\nu_{n}}|S_{n}$ },
$\Omega_{l}(n)$ $:=$ $\{1^{\nu_{1}}\ldots l^{\nu}\iota\ldots n\nu_{n}\in\Omega(n)|\nu_{l}>0\}$ .
, $\sigma\in 1^{\nu_{1}}\ldots\iota^{\nu_{\mathrm{I}}}\ldots n^{\nu_{n}}$ $\mathrm{P}\mathrm{e}\mathrm{r}_{n,l}(\sigma)=l\nu_{\mathrm{t}}$ , ,
Per .
, . , $S_{n}$
$n$ Young ( $n$ )
. Young $\lambda$ $\chi^{\lambda}$ .
, $\hat{S}_{n}$ $S_{n}$ , $S_{n}$
. $\mathrm{Z}(\hat{S}_{n})$ $\mathrm{Z}$ 1 $A(S_{n})$
. $\mathrm{z}(\hat{s}_{n})$ ( )
, $A(S_{n})$ $\langle, \rangle$ $f,g\in \mathrm{Z}(\hat{S}_{n})$






Remark. $n<kl$ $\psi_{k}^{(n,l)}$ $S_{n}$ $0$ . , $\sigma\in S_{n}$ ,
cycle tyPe $1^{\nu_{1}}\ldots l^{\nu\ldots\nu_{n}}{}^{\mathrm{t}}n$ , $\mathrm{p}\mathrm{e}\mathrm{r}_{n,\iota}(\sigma)-\nu_{\iota^{l}=}\mathrm{o}$ ( $0\leq\nu_{l}\leq n/l$ )
$\psi_{k}^{(n,l)}(\sigma)$ .






, $x$ $\frac{\mathrm{P}\mathrm{e}\mathrm{r}_{n}\iota(\sigma)}{l}$, . $\square$
, $\psi_{j}^{(n,l)}$ .
3 Recurrence relation
, $\psi_{k}^{(n,l)}$ recurrence relation . ,
. , recurrence relation
.
$\psi_{k}^{(n,l)}$ recurrence relation , 2 $P\iota$ $\pi\downarrow$
. $P\iota$ : $\Omega_{\iota}(n)arrow\Omega(n-\iota)$
$p_{l}(1^{\nu_{1}} \ldots l^{\nu_{l}} . . n^{\nu_{n}})=1^{\nu_{1}}$ $\ldots\iota^{\nu\iota^{-1}}\ldots(n-\iota)\nu_{n-}\iota$ .





Remark. $l=1$ , $\pi_{1}$ ${\rm Res}_{S_{n}}^{S_{n-1}}$ – .
Lemma 31 $C\in\Omega_{l}(n)$
(5) $\frac{\mathrm{P}\mathrm{e}\mathrm{r}_{n,\iota(c)}\# c}{n!}=\frac{\# p_{l}(c)}{(n-l)!}$ .
.
Proof. $C=1^{\nu_{1}}\ldots\iota\nu_{\mathrm{t}}\ldots(n-1)\nu_{n-}\iota\in\Omega_{l}(n)$ ( $\nu_{l}>0$ $\nu_{n-\iota_{+}1}=.$ . . $=\nu_{n}=0$
). $p(C)=1^{\nu_{1}}\ldots\iota^{\nu\iota-1}\ldots n\nu_{n}$ ,
$\frac{\mathrm{p}_{\mathrm{e}\mathrm{r}_{n,l}}(C)\# C}{n!}$ $=$ $\frac{l\nu_{l}}{n!}\cross\frac{n!}{1^{\nu_{1}}\nu_{1}!\ldots l^{\nu_{\mathrm{t}}}\nu l!\ldots(n-\iota)^{\nu}n-\iota\nu_{n-l}!}$






Lemma 3.2 (recurrence relation) $\chi\in \mathrm{Z}(\hat{s}_{n})$
(6) $\langle\psi_{k’ x}^{(n,\iota)}\rangle=\langle\psi^{(l)}k-,$$\p _ lx\rangle}n_{1}-i,$ .
.
Proof. $C\not\in\Omega_{l}(n)$ $\psi_{k}^{(\iota)}n,(C)=0$ ,
$\langle\psi_{k}^{(n,\iota_{)}}, x\rangle$ $=$ $\frac{1}{n!}\sum_{C\in\Omega_{l}(n)}\mathrm{P}\mathrm{e}\mathrm{r}_{n},l(C)(\mathrm{P}\mathrm{e}\mathrm{r}_{n,l}(c)-\iota)\ldots(\mathrm{p}\mathrm{e}\mathrm{r}(n,lc)-(k-1)\iota)\chi(C)\# C$
$=$ $\frac{1}{(n-l)!}\sum_{c\in\Omega\iota(n)}(^{\mathrm{p}}\mathrm{e}\mathrm{r}_{n},l(c)-l)\ldots(\mathrm{P}\mathrm{e}\mathrm{r}_{n},l(c)-(k-1)l)x(c)\# p_{l}(c)$
$=$ $\frac{1}{(n-l)!}\sum_{nC\in\Omega(-l)}((\pi\iota \mathrm{P}\mathrm{e}\mathrm{r}_{n,l})(c)-l)\ldots((\pi\iota \mathrm{p}_{\mathrm{e}}\mathrm{r})nl)(o)-(k-1)\iota)\pi\iota\chi(c)\# c$
$=$ $\frac{1}{(n-l)!}\sum_{\iota C\in\Omega(n-)}$ Per$n-\iota,\iota(C)\ldots(\mathrm{P}\mathrm{e}\mathrm{r}_{n}-\iota,\iota(C)-(k-2)\iota)\pi l\chi(C)\# c$
$=$ $\langle\psi_{k-}^{(l}n-\iota,),\rangle 1\pi_{l}\chi$ ,




Corollary 3.3 $\langle\psi_{k}^{(n,\iota_{)}}, x\rangle=\langle\pi_{l}^{k}\chi, 1\rangle$ .
, (Theorem A) .
Proof of Theorem A :
(7) $\langle\psi_{k}^{(n,l)}, 1\rangle=\{$
1 $0\leq lk\leq n$ ,
$0$ otherwise.
$\chi=1$ , $\pi_{\mathrm{t}}(1)=1$ 1
. $lk>n$ $\psi_{k}^{(n,l)}=0$ , 2
.




$\pi\iota$ , $\mathrm{Z}(\hat{S}_{n})$ $\mathrm{z}(\hat{S}_{n+}\iota)$
, $f\in \mathrm{Z}(\hat{S}_{n+}\iota),$ $g\in \mathrm{Z}(\hat{S}_{n})$
$\langle\pi_{l}f, g\rangle=\langle f, \pi^{*}\mathrm{t}g\rangle$
. $\pi_{l}^{*}$ .
Theorem 4.1 $\chi\in \mathrm{Z}(\hat{S}_{n})$ ,
(8) $\pi_{l}^{*}x=\mathrm{P}\mathrm{e}\mathrm{r}_{l,\iota}\mathrm{x}\chi$
. $\chi_{1}\cross\chi_{2}=\mathrm{I}\mathrm{n}\mathrm{d}_{S_{m}}s_{m}+\cross S_{n}n(\chi_{1}\otimes\chi_{2})$ $(\chi_{1}\in \mathrm{Z}(\hat{s}_{m}), \chi_{2}\in \mathrm{Z}(\hat{S}_{n}))$ .
Proof Frobenius :
(9) $( \mathrm{I}\mathrm{n}\mathrm{d}_{H}^{G}\varphi)(C)=c\mathrm{o}\subset C\sum \mathrm{n}H\frac{\# G}{\# H}\frac{\# C_{0}}{\# C}\varphi(C\mathrm{o})$.
, $\varphi\in \mathrm{Z}(\hat{H})$ , $c_{0}$ $H$ $C\cap H$
.
, (8) .
[ ]: $C\cap(s_{\iota^{\chi}}S_{l},)$ $s_{\iota\cross}S_{n}$ $C_{1^{\cross C_{2}}}$ $(C_{1}\subset S_{l}, C_{2}\subseteq \mathrm{S}_{n})$ .
(10) $\mathrm{P}\mathrm{e}\mathrm{r}_{l,l}(C_{\perp})=\{$
$l$ $C_{1}\emptyset^{\backslash }\backslash ^{\backslash }l$-cycles $\sigma$) $\not\in:3$ ,
$0$ otherwise,
36
, $\mathrm{P}\mathrm{e}\mathrm{r}_{\iota,\iota}\otimes\chi$ $C_{1}=l$-cycles $0$ ,
$C_{2}$ $p_{l}(C)$ – . ,
(11) (Per$\iota,\iota\otimes\chi$) $(C_{1}\cross C_{2})=\{$
$l$ $\chi(p\iota(c))$ $C_{1}=$ ’-cycles ,
$0$ otherwise,
. $C\not\in\Omega_{l}(l+n)$ $C_{1}=$ $l$-cycles . Frobenius
, $C\in\Omega_{l}(l+n)$
(12) $( \mathrm{P}\mathrm{e}\mathrm{r}_{\mathrm{t},\iota}\cross\chi)(c)=\frac{(l+n)!}{l!n!}\frac{(l-1)!\# p\iota(c)}{\# C}\iota\cdot\chi(pl(C))=\frac{(l+n)!}{n!}\frac{\# p_{l}(c)}{\# C}\chi(pl(o))$
,
(13) $(\mathrm{P}e\mathrm{r}_{\iota,\iota}\cross\chi)(C)=\{$
$\frac{(l+n)!}{n!}\frac{\# p_{l}(c)}{\# C}\chi(pl(c))$ $c\in\Omega_{\iota(+n)}\iota \mathit{0})k\text{ }$ ,
$0$ otherwise,
.
[ ] : $C\in\Omega(n+l)$ , $C$ “ ” $\chi c$
$\chi c:=\sum_{\lambda}x^{\lambda}(c)x^{\lambda}$
. 2 ,
(i) $C_{0\in}\Omega(n+l)$ $\chi c(c_{0})=\frac{(n+l)!}{\# C}\delta c,c_{0’}$
(ii) $\chi\in \mathrm{Z}(\hat{S}n+l)$ $\langle\chi, \chi_{C}\rangle=\chi(C)$ ,
.
, $C\in\Omega(n+l)$ . $\chi\in \mathrm{Z}(\hat{S}_{n})$
(14) $\pi_{l}^{*}\chi(c)=\langle\pi\chi l’\chi_{c}*\rangle=\langle\chi, \pi\iota xc\rangle$
,
$\langle\chi, \pi_{\iota}xc\rangle$ $=$ $\frac{1}{n!}\sum_{C_{0\in}\Omega(n)}x(C_{0)\chi_{C}(}\pi_{\iota}C_{0})\# c0$
$=c_{0} \sum_{\in\Omega(n)\lambda|}\sum_{|=n+l}\frac{1}{n!}x(c_{0})\chi^{\lambda}(c)x(\lambda p^{-}l(1\mathit{0}0))\#^{c_{0}}$
$=c_{0} \in\Omega(\sum_{n)}\frac{(n+l)!}{n!}\frac{\# C_{0}}{\# C}x(c_{0)\delta}c_{p_{\iota^{1}}},-(C\mathrm{o})$
$=$





Remark. $l=1$ , “$\mathrm{P}\mathrm{e}\mathrm{r}_{1,1}\cross$ ” $\mathrm{I}\mathrm{n}\mathrm{d}_{S_{n}}^{s}n+1$ –
, Theorem 4.1 Frobenius .
Corollary 42 $\pi_{l}\chi^{\lambda}=\sum_{\mu\subset\lambda}x^{\lambda/}\mu(l-cyclee)x\mu$ .
Proof. $\pi\iota\chi^{\lambda}$ . (10) $\mathrm{P}\mathrm{e}\mathrm{r}_{l,l}$ ’ $l$-cycles –
,
$\langle \pi_{l}\chi^{\lambda} , \chi^{\mu}\rangle$ $=$ $\langle \chi^{\lambda} , \pi_{l}^{*\mu}\chi\rangle=\langle$ $\chi^{\lambda}$ , Per$l,l\cross\chi^{\mu}\rangle$











([FH] [Ja] ) .






, $|\nu_{j-1}/\supset_{j}|=$ $\eta_{j}$ $\lambda/\mu$ $\eta$-tableau
. , $\mathrm{T}\mathrm{a}\mathrm{b}_{\eta}(\lambda/\mu)$ $\lambda/\mu$ $\eta$-tableau .
$\nu=\{\nu_{j}\}\in \mathrm{T}\mathrm{a}\mathrm{b}_{\eta}(\lambda/\mu)$ ,
$\mathrm{s}\mathrm{g}\mathrm{n}(\nu):=x^{\nu 0/\nu_{1}}$ ( $\eta 1$-cycle). . . $\chi^{\nu_{k-1/k}}$ ($\nu\eta_{k}$-cycle)




Remark. , Remark , skew diagram $\nu_{j-1}/\nu_{j}$ skew-hook
$0$ . \eta =(1 $=(1,1, \ldots, 1)$ , $R_{\lambda(n-k)}^{()}1^{k}$ Kostka
$K_{\lambda(n-k,1^{k})}$ – .
Corollary 4.2 ,




Proof of Theorem B. Corollary 43 $\eta=(l^{k})$ ,
$\pi_{l}^{k}\chi=\sum\lambda\lambda R_{\lambda\mu}(lk)x^{\mu}$
,
$\frac{1}{n!}\sum_{\sigma\in S_{n}}$ Per$n,\iota(\sigma)kx\lambda(\sigma)$ $= \sum_{j=0}^{k}\iota^{k-j}\langle\psi_{j}^{()}\eta,\iota, x^{\lambda}\rangle$
$=$ $\sum_{0\leq lj\leq n}l^{k-j}\langle\pi_{\iota^{k}x^{\lambda}})1\rangle$
$=$ $\sum_{0\leq lj\leq n}\iota^{k-j}R(\lambda(n-lj)\iota^{k})$
, Theorem $\mathrm{B}$ .
, , $l=1$ .




[FH] W. Fulton and J. Harris, Representation Theory, Graduate Texts in Mathematics
129, Springer, 1991.
[Fu] W. Fhlton, Young Tableaux, Cambridge University Press, 1997.
[GKP] R. L. Graham, D. E. Knuth and O. Patashnik, Concrete Mathematics, Addison-
$\mathrm{W}\mathrm{e}s1e\mathrm{y}$ Publ., 1989.
[Ja] G. D. James, The Representation Theory of the Symmetric Groups, Lecture Notes
in Mathematics 682, Springer, 1978.
[Ki] K. Kimoto, Power-sums of the number of fixed points of symmetric group actions,
Kyushu University Preprint Series in Mathematics 8, 1999.
[Ma] I. G. Macdonald, Symmetric Functions and Hall Polynomials, Second Edition, Ox-
ford University Press, 1995.
[Si] B. Simon, Representations of Finite and Compact Groups, Graduate Studies in
Mathematics 10, AMS, 1995.
40
